We argue that conformal invariance in flat spacetime implies Weyl invariance in a general curved background metric for all unitary theories in spacetime dimensions d ≤ 10. We also study possible curvature corrections to the Weyl transformations of operators, and show that these are absent for operators of sufficiently low dimensionality and spin. We find possible 'anomalous' Weyl transformations proportional to the Weyl (Cotton) tensor for d > 3 (d = 3). The arguments are based on algebraic consistency conditions similar to the Wess-Zumino consistency conditions that classify possible local anomalies. The arguments can be straightforwardly extended to larger operator dimensions and higher d with additional algebraic complexity.
Introduction
Renormalization group (RG) fixed points in Poincaré invariant quantum field theory are invariant under scale (dilatation) transformations x µ → λx µ by definition, but it is generally found that the spacetime symmetry is enhanced to conformal symmetry, and even further to Weyl invariance when the theory is coupled to a general background metric g µν . This enhancement has long been understood for theories derived from a scale-invariant classical action [1] [2] [3] [4] , but such theories are generally scale invariant at the quantum level only for free field theories or special theories (such as N = 4 super Yang-Mills theory) with exactly marginal interactions. We will be interested in general IR fixed points where scale invariance may be an accidental symmetry, and the fixed point is not necessarily described by a local scale invariant Lagrangian. For example, the critical point of the 3D Ising model can be described by the LandauGinzburg scalar field theory with tuned φ 2 and φ 4 terms in the Lagrangian. This provides a UV Lagrangian description of the theory, but this Lagrangian breaks scale invariance explicitly. The IR fixed point is strongly coupled in terms of the scalar field, and there is no known useful Lagrangian description of the fixed point. Numerical studies of this theory indicate that it is conformally invariant [5, 6] ; our results show that any such theory is also Weyl invariant.
Conformal and Weyl invariance are closely related, and in fact are not always clearly distinguished in the literature. The response to an infinitesimal Weyl transformation δg µν = 2σg µν is proportional to the trace of the energy-momentum tensor T = T µ µ , so the vanishing of T as an operator statement in a general background metric implies Weyl invariance. On the other hand, conformal invariance is the subgroup of Weyl transformations that leaves the metric invariant up to a diffeomorphism. The general enhancement of scale invariance in flat spacetime to conformal invariance in flat spacetime, and in turn to Weyl invariance in curved spacetime has long been understood in d = 2 [7] . In d = 4 there is a non-perturbative argument [8] [9] [10] that scale invariance implies conformal invariance in flat spacetime, although it has loopholes that in our view have not been satisfactorily closed [11] . There is a much better understanding for d = 4 theories that can be viewed as perturbations of a Weyl invariant fixed point, for example a free field theory. For such fixed points, Weyl invariance is the only possible IR asymptotics of the RG flow [8, [12] [13] [14] [15] . 1 The perturbative arguments have been successfully extended to d = 6 [16] , but attempts to generalize the non-perturbative arguments have not been successful [17] . There is a much better understanding for d = 6 theories with supersymmetry [18] . For a comprehensive review of the subject of scale versus conformal symmetry, see Ref. [19] .
In this paper, we focus on the relation between conformal and Weyl invariance in an arbitrary number of dimensions. This question is interesting because Weyl transformations that are not conformal are commonly used in the literature, for example the Weyl transformation from flat spacetime to the cylinder in d > 2 dimensions. In this paper we will give a general non-perturbative argument that unitary conformally invariant quantum field theories are also Weyl invariant. Our argument holds for theories where the conformal generators are integrals of local currents and for spacetime dimensions d ≤ 10. Our argument starts with the fact that conformal invariance in flat spacetime implies the vanishing of the trace of the energy-momentum operator T in flat spacetime, with the contact terms between T and other operators generating conformal transformations. We then show that this implies that T ≡ 0 in curved space by systematically classifying the possible corrections and imposing various algebraic consistency conditions similar to the Wess-Zumino consistency conditions for Weyl anomalies. The contact terms give the Weyl transformation of operators, and we show that operators can be 'covariantized' to have standard Weyl transformations, at least for operators of sufficiently low dimension and spin. It is straightforward to systematically extend the arguments in this paper to higher spacetime dimensions and more general operators at the price of additional algebraic complexity, but we do not attempt it here.
We identify possible consistent 'anomalous' terms in the Weyl transformation of operators, for example
where O is a primary scalar operator with dimension ∆ O , A is a primary scalar operator (not the identity) with dimension ∆ O −4, and W µνρσ is the Weyl tensor. This is consistent because W µνρσ W µνρσ transforms as a primary operator with dimension 4. The existence of an operator A with the required scaling dimension is non-generic, and is allowed by unitarity constraints only for ∆ O ≥ (d + 6)/2. There are obvious generalizations of this to tensor operators made using the Weyl tensor. We note that these anomalous terms vanish for conformally flat metrics, the case that is most commonly studied. It is an open question whether there are any consistent anomalous terms in the Weyl transformation for conformally flat metrics.
The existing literature on the question considered here is not extensive. As already mentioned, the question of whether conformal invariance implies Weyl invariance was settled for d = 2 in Ref. [7] . Examples of non-unitary free field theories that are conformally invariant but not Weyl invariant were discovered by mathematicians [20] [21] [22] and have been recently discussed in the physics literature [23, 24] . This work was largely inspired by Ref. [23] , which we found especially clear. Other work on aspects of the relation between Weyl and conformal invariance includes Refs. [4, [25] [26] [27] . This paper is organized as follows. In §2 we state the problem precisely in terms of Ward identities for conformal and Weyl invariance, and give a more detailed outline of the argument. In §3, we review some aspects of conformal invariance in flat spacetime that we need for our argument. In §4 we give the main argument, showing that T ≡ 0 in a general curved spacetime, and hence the theory is Weyl invariant. The details for 6 < d ≤ 10 are given in an appendix. We also constrain the possible Weyl transformations of operators in this section. In §5 we discuss the non-unitary free field theories that are conformally invariant but not Weyl invariant, and use them to illustrate some of the steps of the general argument. Our conclusions are given in §6.
Conformal and Weyl Ward Identities
Weyl invariance is defined for quantum field theories that can be coupled to a background metric g µν in a diffeomorphism invariant way.
2 For such theories, Weyl transformations are a local rescaling of the metric combined with a transformation of the local operators. For primary scalar operators O, the transformation is
where Ω(x) is an arbitrary non-vanishing function of spacetime, and ∆ O is the dimension the operator O. Throughout this paper we focus on correlation functions of O for simplicity. Conformal transformations are special Weyl transformations such that the transformed metric is diffeomorphic to the original metric:
where g µν is diffeomorphic to g µν :
The condition that conformal transformations are equivalent to diffeomorphisms places restrictions on the rescaling functionΩ(x), and a general metric will have no conformal symmetries. We will consider conformally invariant theories in flat spacetime, and we denote the flat spacetime metric byĝ µν .
It is clear from these definitions that Weyl invariance in a general background metric implies conformal invariance in flat spacetime, but it is not at all obvious that the converse holds. For d > 2 dimensions, the Euclidean conformal group is SO(d + 1, 1), while the group of Weyl transformations is infinite-dimensional. For d = 2 the conformal group is the infinite-dimensional Virasoro group, but the group of Weyl transformations is still larger.
3
Weyl transformations relate correlation functions in different background metrics:
On the other hand, conformal invariance in flat spacetime relates correlation functions in the same metric:
where O is the image of O under a diffeomorphism:
Here we are neglecting possible conformal anomalies. These will be included in the main argument below.)
We want to argue that Eq. (2.7) implies Eq. (2.6) for unitary quantum field theories. It is useful to work with the infinitesimal form of the Ward identities, which for the Weyl Ward identity is
is the infinitesimal operator transformation and σ(x) = ln Ω(x). Here T is the trace of the energy-momentum tensor, defined in the standard way by differentiation of the quantum effective action (generator of connected correlation functions) with respect to the background metric:
We will assume that the quantum effective action W eff [g µν , ρ] is defined by a path integral
We do not assume that conformal symmetry is manifest at the level of the path integral action S, so our arguments apply to nontrivial conformal fixed points defined by a UV action that is not conformally invariant, such as the critical point of the 3D Ising model or the conformal window of QCD. Our use of the path integral is limited to defining operators in terms of sources, and operator redefinitions and contact terms that are most conveniently expressed in terms of a path integral action. These manipulations can be re-expressed in operator language independently of the path integral, but we will not make this explicit.
To prove Weyl invariance, we must therefore prove two statements: first, that T ≡ 0 up to contact terms, and second, that the contact terms are given by Eq. (2.10). 4 We can now give a more detailed outline of our argument. We first show that conformal invariance in flat spacetime implies T ≡ 0 in flat spacetime, possibly after improvement. This is a standard result that is reviewed in the following section. In curved spacetime there may be additional contributions to T that depend on the spacetime curvature. In §4 we analyze these contributions, and show that they are associated with a symmetry of the effective action W eff that acts only on the sources that are used to define operators. Algebraic closure of this symmetry and the unitarity inequalities on operator dimensions imply that T ≡ 0 in a general metric for dimensions d ≤ 10. The arguments can be straightforwardly extended to higher dimensions at the price of additional algebraic complexity.
Once we know that T ≡ 0 up to contact terms in a general metric, we can interpret the contact terms in correlation functions of the form T O · · · O as infinitesimal Weyl transformations of the correlation function O · · · O . These in turn are constrained by the fact that Weyl transformations commute. Using this, we rule out additional terms in the Weyl transformation law for operators of low dimension and spin, but find consistent anomalous Weyl transformations in special cases, see Eq. (1.1).
Conformal Invariance in Flat Space
In this section we review the standard result that in any conformally invariant theory we can define the energy-momentum tensor so that T ≡ 0 in flat spacetime. We assume that in flat spacetime the conformal generators P µ , M µν , D, and K µ are Hermitian operators acting on the Hilbert space of the theory, and that these operators are given by integrals of local currents:
Here the integral is over the surface x 0 = τ , and we are using Cartesian coordinates for flat space. 6 The conservation condition ∂ µ J µ = 0 ensures that the integral is independent of τ . Assuming that the translation generators are given by
and using the Euclidean Heisenberg equations of motion for the generators
Wess [30] showed that the current that gives the conformal generators has the form
Here ξ µ is the infinitesimal spacetime conformal transformation parameter, given by
5 Free p-form gauge theories with d = 2(p + 1) are examples of scale invariant local quantum field theories where the dilatation generator is not the integral of a local current [9, 29] . These theories are not conformally invariant. We are not aware of any conformally invariant local quantum field theory in which the conformal generators are not the integrals of currents. 6 The arguments in this section can be straightforwardly extended to general "time" surfaces in arbitrary coordinate systems. 
In d = 2, the infinite-dimensional Virasoro symmetry additionally requires that L µν be pure trace
The existence of the operator L µν (or L in d = 2) implies that we can redefine the energy-momentum tensor by adding the following 'improvement' terms to the action in the path integral in curved spacetime:
where L = L µ µ . In flat spacetime these terms do not affect the dynamics of the theory, but they change the definition of the energy-momentum tensor defined by functional differentiation with respect to the metric. For d = 2, the second term is redundant, and we set ξ = 0. The corrections to the energy-momentum tensor in flat spacetime can be obtained from Eq. (3.9) by expanding it to first order in metric perturbations about flat spacetime, so the metric dependence of L µν does not affect the correction to the energy-momentum tensor. We obtain
By choosing
we obtain T ≡ 0 in flat spacetime. In this way the vanishing of the trace of the (improved) energy-momentum tensor in flat spacetime follows from conformal invariance.
The above argument cannot be straightforwardly generalized to show that T ≡ 0 in a general background metric because such a metric generally has no conformal symmetries, and these are a crucial ingredient in the argument. Note also that the argument above does not assume unitarity of the conformal field theory. Unitarity will however be an essential ingredient in our subsequent argument.
The operator relation T ≡ 0 is understood to hold up to contact terms, and as discussed above, these contact terms give the transformation of operators under Weyl and conformal transformations. In the present case, once we know that T ≡ 0 up to contact terms, we can write the conformal generators as integrals of moments of the energy-momentum tensor, for example
These obey the conformal algebra as a consequence of the tracelessness condition T ≡ 0. Using the conformal algebra and the assumption that P µ acts by translation on the fields, one can then derive the standard transformation properties of local operators under conformal transformations [31] . The conformal transformations of operators will be an important input to the rest of our argument.
Weyl Invariance in Curved Space
We now consider the theory in a general curved background metric g µν and discuss whether a quantum field theory that is conformally invariant in flat spacetime can be shown to be Weyl invariant.
T ≡ 0 up to Contact Terms
As discussed in §2, the first step in proving the Weyl Ward identity Eq. (2.6) is to show that T ≡ 0 in curved spacetime, up to contact terms. Because T (x) is a local operator that vanishes in flat spacetime, general covariance and locality require that it is proportional to at least one power of the Riemann curvature tensor at x. One possibility is that T is proportional to powers of curvature tensors times the identity operator, for example T ∝ cR1 in d = 2. This represents anomalous breaking of Weyl invariance, which will be discussed in the following subsection. For now we will focus on possible contributions to T that are proportional to nontrivial local operators, for example T = RX, where R is the Ricci scalar, and X is a scalar operator. If such terms are present, then under a Weyl transformation the variation of the effective action δW eff is non-local, and there is no sense in which Weyl invariance is an approximate symmetry of the theory. Note that in order to have T = RX, the operator X must have scaling dimension d − 2. Scalar operators with such special scaling dimensions are not generic in interacting conformal field theories. Indeed, we will see that at every stage in our argument, the obstruction to Weyl invariance involves the existence of operators with special scaling dimensions. In a generic interacting theory, we do not expect to have operators with these special dimensions. However, our goal is to rule out these obstructions and obtain a completely general result.
Let us consider the most general form for the operator correction to T . The possible terms are limited by the unitarity constraints on the dimensions of operators. We first check that operator corrections to T cannot involve non-scalar primary operators, or their derivatives (descendant operators). The reason is that any operator appearing in a curvature correction must have dimension at most d − 2. The unitarity constraints [32, 33] exclude almost all higher spin primary operators with dimension ≤ d − 2. The only exception is an antisymmetric 2-index tensor allowed for d ≥ 4, which saturates the unitarity bound for ∆ = d − 2, but Lorentz invariance forbids any correction to T in terms of such an operator. Of course, descendants of higherspin primary operators have even larger dimension, and are therefore also excluded. We conclude that in unitary theories the corrections to T are proportional to scalar primary operators or their descendants. We can organize the possible terms in an expansion in powers of covariant derivatives, where R µνρσ = O(∇ 2 ):
Here we used
∇ ν R to simplify the O(∇ 4 ) terms. The operators X and Y i in Eq. (4.1) are defined to be primary. The operators Y i need not all be independent; linear relations among them do not affect the argument below. The unitarity bound on primary scalar operators is (d − 2)/2, so the operator X is allowed by unitarity for d ≥ 2, and the operators Y i are allowed for d ≥ 6. In general, we see that additional operators and higher powers of derivatives are allowed for larger values of d.
Let us consider the case d < 6, in which case unitarity only allows T = RX. For d = 2, this possibility can be excluded using the conservation of the energymomentum tensor [7] . We give a general argument that does not depend on the special properties of d = 2. The idea is that the operator relation T = RX reflects the existence of a nontrivial symmetry of the effective action W eff . The operators T and X are both defined by differentiation with respect to sources, and the fact that this relation holds as an operator statement tells us that these sources are not independent. In other words, there is a redundancy in how the effective action W eff depends on these sources, which means that there is a symmetry that acts only on the sources. We call this symmetry 'Weyl redundancy.' Symmetry transformations of this kind may be unfamiliar, so we illustrate them in various free field examples in §5 below.
To define the operator X, we add a source term to the action
Then Eq. (4.1) implies that the quantum effective action W eff is invariant under 
For general σ 1 and σ 2 the function σ 1 σ 2 − σ 2 σ 1 is an arbitrary function of x. Eq. (4.4) therefore implies that W eff is invariant under ρ X → ρ X +δρ X for an arbitrary function δρ X , with all other sources held fixed. This in turn means that W eff is independent of ρ X , i.e. the operator X is trivial, proving that T ≡ 0 after all.
Note that the existence of the operator X with dimension d − 2 also allows us to add an 'improvement' term to the action
However, this modifies T in flat spacetime as well as curved spacetime 6) and therefore plays no role in our argument. A famous example of a conformal field theory with a primary operator X with dimension d − 2 is free scalar field theory with X = 
] is a symmetry is not immediately sufficient to eliminate all possible corrections to T . Nonetheless, we can use the fact that the metric can be chosen arbitrarily to argue that all the corrections to T vanish, at least for d ≤ 10. The details of this argument are given in the appendix. We will not attempt to extend this argument to higher values of d. This is purely a matter of algebra, and is of limited interest since we do not expect to have interacting conformal field theories for such high dimensions in any case.
Weyl Anomalies
For even d, we can also have curvature-dependent contributions to T that are proportional to the identity operator 1. For example, in d = 4 the most general form allowed by scale invariance and diffeomorphism invariance is
Because T is the response of the theory to a Weyl transformation δg µν = 2σg µν , Eq. (4.7) is equivalent to a local change in the effective action:
If Weyl invariance is broken only by a local δW eff , we say that the symmetry has a Weyl anomaly [34] [35] [36] . Despite the anomaly, the Weyl Ward identities still hold in a modified form, and Weyl invariance can in many ways still be regarded as a good symmetry. Weyl anomalies are necessarily present in even dimensions, for example they are nonzero even in free field theories.
The correction to T above can be further constrained by imposing the WessZumino consistency conditions [37] [38] [39] . We review it below to highlight the similarities with the arguments above. The first step is to note that we can cancel the term proportional to R by adding a local 'improvement' term to the effective action
(4.9)
The R term in Eq. (4.8) can therefore be improved away, and does not represent a genuine anomaly. The next step is to impose the constraint that Weyl transformations commute, and therefore this must be reflected in δW eff . To state the result, we change the basis of allowed curvature invariants in Eq. (4.8) to
where E 4 is the 4-dimensional Euler density. One then finds
so we must have b = 0, while the terms proportional to c and a in Eq. (4.10) are allowed. We see that the arguments of the previous subsection are closely related to those used to determine the most general form of the Weyl anomaly.
Contact Terms and Weyl Transformations of Operators
The arguments up to now show that (at least for d ≤ 10) T ≡ 0 in an arbitrary curved background metric, but only up to contact terms. As explained in the introduction, the contact terms in the Weyl Ward identity Eq. (2.6) define the transformation of local operators under Weyl transformations. In this sense, we have already established Weyl invariance of the theory, but we have not shown that operators transform in the canonical way. In this section we analyze the structure of the contact terms, and show that the possible Weyl transformations are highly constrained. We are able to show that they have the canonical form except for a few 'anomalous' transformation laws that we are not able to exclude. The main constraint comes from the fact that primary operators transform canonically under conformal transformations in flat space. These transformations can be viewed as a special class of Weyl transformations. Further algebraic consistency constraints come from the fact that Weyl transformations commute.
We now give some more detail about the connection between contact terms and Weyl transformation of operators. The most general contact terms in correlation functions with a single insertion of T have the form 
In Eq. (4.12), we allow δ σ O to depend on derivatives of σ. That is, we allow terms such as δ σ O = σB + · · · , and we cannot cancel the σ dependence on both sides of Eq. (4.12). The reason we must allow such terms because operators such as O and T are really distributions, and only smeared operators such as
are well-defined. Specifically, a Weyl transformation is given by
We will need to extend the connection between insertions of T and the response to Weyl transformations beyond the linear order in σ. It is then convenient to redefine T to be the response to a Weyl transformation. That is, we define
The connection between insertions of T and Weyl transformations is slightly more subtle at higher orders in σ, and will be discussed below.
This agrees with the previous definition Eq. (2.11) for correlation functions where all the points x i and y i are separated. That is, it differs from the previous definition only by contact terms, so it does not affect the previous discussion. For example, at quadratic order in σ we now have To proceed further, we use the conformal Ward identity Eq. (2.7) in flat spacetime. Because a conformal transformation is the combination of a Weyl transformation and diffeomorphism, subtracting the diffeomorphism contribution from the infinitesimal form of the Ward identity gives an equation that is very similar to Eq. (4.12):
The difference between this and the Weyl Ward identity is that this equation holds only for a flat background metricĝ µν and for a restricted class of Weyl parameterŝ
where λ is the parameter for dilatations, b µ is the parameter for special conformal transformations, and x µ are the standard Cartesian coordinates for flat Euclidean space. We see that we must have δ σ O → −∆ Oσ O in the limit of flat spacetime and σ →σ. We can then expand δ σ O in a complete set of local operator expressions linear in σ that satisfy this condition.
To illustrate this, we consider the case where O is a relevant operator in d ≤ 6, in other words ∆ O < d ≤ 6. In that case, the most general non-anomalous variation we can have is
For example, a term of the form ∇ µ σV µ violates unitarity for a primary vector operator V µ , while a term of the form ∇ µ σ∇ µ C does not have the correct conformal transformation in the flat space limit. If we were to allow operators O with large scaling dimension, there would in general be many additional terms in Eq. (4.19) . Again, we note the appearance of operators with special dimensions, in this case ∆ A , ∆ B = ∆ O −2. These operators are allowed by unitarity bounds for ∆ O ≥ (d+2)/2. We have neglected terms proportional to the identity operator, which occur only for special values of ∆ O . These are anomaly terms, and will be discussed below.
The unitarity bounds imply that A and B in Eq. (4.19) are conformal primary operators (rather than descendants), and for d ≤ 6 do not allow any corrections to their transformation law analogous to Eq. (4.19), so we have
We can make a redefinition of the operator O by
The new operator transforms as
so we do not have to consider the σ term in Eq. (4.19) .
Now the idea is that Weyl transformations commute, and so we must have
Working out the commutator gives
Now σ 2 σ 1 − σ 1 σ 2 is an arbitrary function, so the operator A must be trivial. In this way, we have established that the operator O has a standard transformation under infinitesimal Weyl transformations. We can regard the redefinition Eq. (4.21) as a 'covariantization' of the operator O for Weyl transformations.
For larger values of ∆ O there are consistent generalizations of the canonical transformation law, for example 
is Weyl invariant. We can therefore have anomalous operator transformations of the form We can redefine the operator
This gives .27) is to use special metrics that are not conformally flat, but have nontrivial conformal isometries. That is, the conformal Killing equation ∇ µ ξ ν + ∇ ν ξ µ = 2σg µν has solutions with σ = 0. For each conformal Killing vector, we can define conformal generators acting on fields using T µν , as in flat spacetime. If we can argue that these conformal transformations act on fields in the standard way, we can exclude Eqs. (4.25) and (4.27). We believe this may be a promising direction to explore. and therefore does not satisfy Weyl commutativity unless c 1 = 0.
For an operator of dimension 4, we can have the terms
We again can make a redefinition of the operator
to eliminate the c 6 , c 7 , c 8 terms in Eq. (4.32):
where
Commutativity of Weyl transformations then gives
Requiring Weyl commutativity in flat spacetime therefore implies that c 4 , c 5 = 0. The curvature corrections then imply
This must vanish for any σ 1 , σ 2 in an arbitrary spacetime, which gives c 1 , c 2 = 0. We find that the only possible anomaly has the form
Such terms can be eliminated by the following argument. The operator O 4 can have a non-vanishing 1-point function, which by locality and general covariance must take the form
for some coefficients α, β, γ. The infinitesimal form of the Weyl Ward identity Eq. (4.14) then tells us that
It is easily checked that this has no solution for a general metric unless c 3 = 0. Note that this argument uses the fact that the identity operator necessarily has a non-vanishing 1-point function, and cannot be used to rule out the anomalous transformations Eqs. (4.25) and (4.27) for A = 1.
These arguments can be extended to higher dimension operators, operators with spin, and higher spacetime dimensions, but it gets rapidly tedious. To obtain a complete proof, one would try to proceed by induction starting with the lowest dimensions and spins. We will not attempt this here. We have at least explicitly established that the Weyl transformation of relevant scalar operators for d ≤ 6 is the standard one.
Examples
In this section we consider the free field theories of Refs. [21, 23] , which can be used to illustrate various aspects of the general arguments above. These theories are defined by the action
for k = 1, 2, . . . . The scalar field φ has dimension
so these theories are non-unitary for k > 1. Ref. [23] showed that this theory is conformally invariant for all k and d in the sense that T = ∂ µ ∂ ν L µν in flat spacetime. However, for special values of d and k the theory cannot be improved to be Weyl invariant in curved spacetime:
. . .
In general, the theory cannot be coupled to gravity in a Weyl invariant way for all values of k subject to the condition that d is even and d < 2k. For these special theories the improvement terms required to obtain T ≡ 0 in curved spacetime are divergent, so it is impossible to make the theory Weyl invariant with a finite energymomentum tensor.
All the special theories that are not Weyl invariant have ∆ φ < 0, so these theories violate the unitarity bounds very badly. For example, 2-point functions functions of φ grow with the separation. We do not expect such theories to be relevant for physical statistical mechanics systems. In fact, as pointed out in Ref. [24] , the correlation functions of the theories with k > 1 are not even scale invariant. For example, the 2-point function satisfies
which implies
etc. These logarithms represent genuine non-local breaking of scale invariance. For example, for k = 2 we have φ(x)φ(0) ∝ ln x 2 and the effective action contains terms
where ρ φ is the source for φ. Under a scale transformation, we get non-local terms
The correlation functions of this theory are clearly not scale invariant in any meaningful sense.
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Although the k > 1 theories defined by Eq. (5.1) are not scale invariant as quantum theories, the action is conformally invariant. We can then ask whether the action can also be made Weyl invariant by adding improvement terms. Under a Weyl transformation, we transform both the metric and the fields φ, and the condition for Weyl invariance is
where E = δS/δφ is the equation of motion operator and ∆ φ is the Weyl weight of φ. On solutions to the classical equations of motion, the condition of Weyl invariance is therefore equivalent to T ≡ 0, just as for quantum theories. We can therefore use the theories defined by Eq. (5.1) as examples of conformal invariance without Weyl invariance in the classical limit, and use them to illustrate some aspects of our general argument.
Weyl Redundancy
In §4 we argue that operator corrections to T reflect the existence of a symmetry that acts only on sources, which we call Weyl redundancy. Such a symmetry was ruled out for unitary theories. We now show that this symmetry does exist in the non-unitary theories defined by Eq. (5.1), explaining how they evade our argument.
We start with the case k = 1, the usual free scalar. We write the action for this theory as
where we have included an arbitrary improvement term as well as a mass term. We consider g µν , Z, m 2 , and ξ as spacetime dependent background sources, although we are interested in the theory with Z = 1, m 2 = 0. With these source terms, the action is invariant under the symmetry transformation 
Using the equation of motion φ = ξRφ gives (∂φ) 2 = 1 2 φ 2 − ξRφ 2 , which implies . Note that the terms involving R have canceled, reflecting the fact that the same improvement can make T ≡ 0 both in flat and curved spacetime. This illustrates Weyl redundancy, and shows how it can be used to compute T .
A less trivial example is the k = 2 theory. The presence of higher derivatives in the action means that the action depends on the gravitational connection, and we do not obtain a simple scaling symmetry of the form Eq. (5.10). We can however make such a symmetry again manifest by rewriting the action in terms of an auxiliary field F so that it contains only first derivatives of fields:
The equation of motion for F is F = φ, and substituting this back into the action gives the original action Eq. (5.1). We can now integrate by parts in Eq. (5.13) to write
This action is invariant under
with δφ, δF = 0. This symmetry implies the operator relation
Using the equation of motion 2 φ = 0, we have
which we can use to write Eq. (5.16) as
in agreement with Eq. (3.6). Already we can see that this theory cannot be improved to be invariant under the full Virasoro algebra in d = 2. Note also that in both of these examples, the symmetry is Abelian ([δ σ 1 , δ σ 2 ] = 0), so the existence of the symmetry in these cases does not contradict the argument above.
We can extend these results to include improvement terms to our action as well as additional source terms:
This action is invariant under the more complicated transformation
The choice
guarantees that T ≡ 0 in flat space, and gives
in curved space once we use the improved equations of motion. We see that in this example we can choose c 4 and c 5 so that T ≡ 0 in curved space as long as d = 2. This confirms the results of Refs. [21, 23] It is only a matter of algebra to extend these arguments to higher spacetime dimensions, and to operators with larger dimension and spin. Extending to d > 10 is not of great interest, since we do not expect to find any interacting fixed points in such high dimensions. The most important question left open by this work is to understand the Weyl transformations of operators with higher dimension and spin. We have found some anomalous transformations that vanish in the conformally flat case (see Eqs. (4.25) and (4.27)). One interesting open question would be to show that there are no consistent operator transformation anomalies in the conformally flat case. It would also be very interesting if one could rule out the anomalous transformations in the non-conformally flat case. We leave these questions for future work.
Appendix: T ≡ 0 in Curved Spacetime for 6 < d ≤ 10
In this appendix, we extend the argument in §4.1 to 6 < d ≤ 10. In this case, there are no ∇ 6 terms in Eq. (4.1) because they are forbidden by unitarity (for d < 10) or are decoupled free fields (for d = 10). The existence of the operators X and Y i then allows the improvement terms
whereỸ i are linear combinations of the Y i . Other terms involving covariant derivatives can be eliminated by integration by parts and the identity ∇ µ R µν = 1 2 ∇ ν R. When we compute the contribution to the energy-momentum tensor from Eq. (4.4), we need to know the metric dependence of the operators X and Y i . In fact, because we are only interested in the trace T , it is sufficient to know the transformation of X and Y under a Weyl transformation. This question is discussed in detail in §4.3, so we only quote the results here. Unitarity bounds and the limit of conformal transformations in flat spacetime imply that under an infinitesimal Weyl transformation δg µν = 2σg µν , the most general form for the transformation of X is The commutator of two such symmetries must be a symmetry, which implies that the effective action must be invariant under the transformation
where we define the functions
We again have a symmetry that acts only on the sources ρ X and ρ Y i , but there is not sufficient freedom in choosing σ 1 and σ 2 to make [δ σ 1 , δ σ 2 ]ρ i independent and arbitrary functions, for a fixed metric g µν .
One possible approach is to consider higher commutators of the symmetry, which gives additional symmetry transformations depending on more parameters. We will instead give an argument that is based on the fact that Eq. (A.6) holds for arbitrary background metrics. First let us consider the transformations Eq. (A.6) in flat spacetime. In that case, the action in the path integral transforms as 
The action is now invariant in flat spacetime, but is not invariant in a general spacetime. For example, we can consider the case of a maximally symmetric spacetime, i.e. Euclidean de Sitter or anti-de Sitter. In this case, we have R = constant and
g µν R, so we have
At least in a maximally symmetric space, we therefore have the operator identity
(A.13)
But now we can take the flat limit. All of the correlation functions of Y vanish identically for all nonzero values of the curvature, so they must also vanish in flat spacetime. We conclude that Y ≡ 0 in flat spacetime. But unitarity bounds (for d < 10) or decoupling (for d = 10) do not allow Y to be proportional to curvature terms, so Y ≡ 0 in a general background metric. We now have two independent operators, Y 1 and Y 2 say, with
(A.14)
It is clear that we can repeat the above argument by considering less symmetric metrics, and conclude that Y 1 , Y 2 ≡ 0 for all d ≤ 10.
